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STEP 2 Introduction  
 
Many candidates produced good solutions to the questions, with the majority of candidates 
opting to focus on the pure questions of the paper. Candidates demonstrated very good 
ability, particularly in the area of manipulating algebra. Many candidates produced clear 
diagrams which in many cases meant that they were more successful in their attempts at 
their questions than those who did not do so. The paper also contained a number of places 
where the answer to be reached was given in the question. In such cases, candidates must 
be careful to ensure that they provide sufficient evidence of the method used to reach the 
result in order to gain full credit. 
  



Question 1 

There were a large number of attempts at this question, with many good answers seen and 
many attempting most parts of the question.  

Many were able to show that the required formula in part (i) will be satisfied if the stated 
sum is satisfied, but many did not explain that the result applies in both directions with 
sufficient detail. Of those who failed to show the result in this part the main error was an 
incorrect choice of limits when expressing the sums either in sigma notation or as an 
arithmetic series. 

Candidates generally demonstrated an understanding of what was required for part (ii), but 
a significant number did not express their solution in a clear form, for example by finding 
just one case or listing the first few without specifying a general relationship. A number of 
candidates got confused between squares and square roots and having deduced that the 
square root of n is equal to c then concluded that n must be a square number. 

In part (iii) most candidates successfully identified the equation that needed to be satisfied, 
but were unable to explain clearly why there were no solutions. 

Part (iv)(a) was generally completed well, including by candidates who had struggled in 
earlier parts of the question. Many good answers to part (iv)(b) were also seen, although a 
number of cases did not explicitly identify the relationship that must exist between the 
values of N and K. 

Most candidates recognised that the result of part (iv)(b) could be used to generate the 
further solutions required in part (iv)(c). 

 

  



Question 2 

This question was attempted by approximately three-quarters of the candidates and many 
very good solutions were seen. 

In part (i) candidates were generally able to find the binomial series expansion, but some did 
not give a clear enough statement of the general term. A number of candidates did not 
recognize that it would be possible to use the series expansion to establish the integration 
result that was required and instead attempted to use integration by parts or to produce a 
proof by induction. 

Most candidates recognized the way in which part (i) could be applied to answer part (ii) and 
this part was generally answered well. A number of candidates forgot to evaluate the 
integral before moving on to the next part of the question. 

In part (iii) a large number of candidates recognized that the use of partial fractions would 
allow them to apply part (i) again, but many did not then realise that there was a need for 
partial fractions to be applied a second time. Almost all candidates who reached the final 
integral were able to recognize it and either state the answer or use an appropriate 
substitution. 

 

  



Question 3 

This question was attempted by approximately three-quarters of the candidates, but only a 
few were able to achieve a fully complete solution to the question. This question was one 
where a diagram was very helpful and approaches that were supported by geometrical 
understanding were generally more successful than attempts that relied solely on algebra. 

Part (i) was very well done, but candidates who used geometrical arguments generally did 
not address cases not covered by their diagram – usually this was the case where the value 
of 𝜃𝜃 was negative. 

Part (ii) was also done well, but some candidates failed to give enough working to support 
their answer in (a), which is very important in questions where the answer is given. Similarly, 
in (b) a number of candidates did not show clearly how they interpreted their algebraic work 
to reach a geometrical description. 

Part (iii) was found to be difficult by a large number of candidates. Part (a) was generally 
done well, although some care with the algebra and exact trigonometric values was needed. 
Many were then unable to identify a relationship between f3 and the previously seen 
functions and did not reach a correct geometrical description in words. A small number did 
well on part (c) and were able to interpret the inverse of function f2 geometrically, but very 
few reached a fully simplified geometrical transformation. 

 

  



Question 4 

About one third of candidates attempted this question. Many of the attempts struggled to 
explain the reasoning sufficiently clearly, often missing one or two important details. 

In part (i) most candidates were able to prove that the cosines of the two angles were equal, 
but did not justify details such as checking that everything lies in the same plane. The most 
problematic part of this part of the question for candidates was (i)(b). The most successful 
approach was to use the fact that XB and BY lie on the same line and then use algebra to 
calculate the value of 𝜆𝜆 and the ratio. A small number of candidates were able to achieve full 
marks with geometric arguments, but most such attempts did not give sufficient justification 
to be fully convincing. Candidates often produced successful attempts at (i)(c), although 
again some failed to justify elements of the solution fully enough in some parts. 

Part (ii) was found to be harder than the rest of the question. The majority who attempted 
this part correctly identified the dot product to be considered, but most did not recognize 
the symmetry within the three expressions. 

 

  



Question 5 

This was the second most popular question, but many candidates did not recognise the 
significance of the domain being used for the functions in this question. This meant that 
many applied techniques relevant to functions where the domain is the set of real numbers 
and therefore reached incorrect answers. 

The first requirement of part (iv) was not affected by this misunderstanding and most 
candidates were able to prove the required result successfully, usually by completing the 
square. 

A number of good solutions were seen, however. Those who completed the square and used 
the difference of two squares were often successful in parts (i), (ii) and (iii). Some of these 
were also able to make progress on the end of part (iv). 

 

  



Question 6 

A large number of attempts at this question were seen and many candidates were able to 
produce good solutions. 

Part (i) was answered well, although a number of candidates did not select the correct base 
case. Several solutions did not give sufficient detail in the proof to gain full credit however. 
Since the required form is known, it is important that steps in the solution are shown clearly. 

In part (ii) many candidates started by calculating some of the terms and then attempted to 
spot a pattern, or match the terms to the desired result. To gain full credit a solution that 
showed the form of the general term of the binomial series expansion was required. In a 
small number of cases combinatorial coefficients with non-integer arguments were used, 
but no explanation was given of the meaning of this notation. 

In part (iii) a number of candidates again did not write down the binomial coefficients and 
used pattern spotting. In general, candidates who had successfully answered part (ii) were 
also successful in part (iii). 

Some good solutions to part (iv) were seen, but often there was insufficient detail in the 
solutions to gain full credit. 

 

  



Question 7 

While there were many attempts at this question, most did not achieve very high marks. 

The sketch of the graph in part (i) needed to be clear that it was two circles each with a 
radius of 1, for example by stating that points on the curve must satisfy the equation of one 
of the circles, or by marking the centres of the circles and having the correct radius in each 
case. 

Most candidates were able to reach the required result at the start of part (ii)(a). Candidates 
often missed important features of the analysis in the remainder of this part, usually 
believing that the conclusions derived from considering the discriminant of the quadratic in 
𝑥𝑥2 was sufficient to analyse the number of roots in each case.  

In part (ii)(b) candidates were able to use their results from (ii)(a) to find the maximum value 
for 𝑦𝑦, but many struggled to obtain the correct value for 𝑥𝑥 or incorrectly considered 
distances from the 𝑥𝑥-axis rather than from the 𝑦𝑦-axis. In  

(ii)(c) candidates often struggled to explain their reasoning clearly enough to give a fully 
convincing answer. In general candidates were comfortable in using algebra to prove that the 
two brackets cannot be negative at the same time and many were able to explain why this 
would mean that they must both be positive, but found it difficult to explain the significance 
of this in terms of the graph. 

In part (ii)(d) candidates often produced a graph that contained some of the features that 
had been deduced earlier in the question. Many solutions did not show intersections with 
axes or co-ordinates of maximum and minimum points. 

 

  



Question 8 

This question was attempted by approximately half of the candidates. 

In part (i) candidates were often able to produce the necessary algebra, but some did not 
justify the strictness of the inequality or failed to use a full inductive structure for the proof. 
There was a roughly even split between candidates who identified that 𝑥𝑥0 could be used as a 
bound in order to apply the given result and those who incorrectly used the fact that 𝑦𝑦𝑛𝑛 <
𝑥𝑥𝑛𝑛. When considering the behaviour of (𝑥𝑥𝑛𝑛 − 𝑦𝑦𝑛𝑛) some candidates incorrectly asserted that 
the fact that the sequence is bounded below by 0 is sufficient to show that the sequence 
tends to 0. Almost all candidates were able to show that this result implies that the two 
sequences tend to the same limit. 

In part (ii) most candidates were able to apply the substitution, but some did not justify the 
new values of the limits or comment on the evenness of the integrand. The evaluation of the 
final integral was generally done well. 

 

  



Question 9 

About one-third of the candidates attempted this question. In some cases the diagrams that 
were drawn showed that candidates had not taken care to fully understand the description 
of the situation. 

Part (i)(a) was completed well by many candidates, but some did not recognise the need to 
use a trigonometric identity to obtain a form which is a function of tan𝛼𝛼 which is a common 
technique in questions of this form. 

Part (i)(b) was mostly done well, although most did not score fully on the final deduction, 
often not applying the condition that 𝜆𝜆 > 1 correctly and reaching two cases, one of which 
they could not rule out. 

Very few candidates produced a good solution to part (ii), but those who managed to 
identify the correct starting point generally produced good solutions. 

 

  



Question 10 

This question received the fewest attempts, although a good proportion of the attempts that 
were made were successful. Many candidates drew clear diagrams in their attempts at this 
question. 

Part (i) was done fairly well, with most candidates resolving forces successfully. However, 
many candidates were not able to justify sufficiently well the situation in equilibrium as 
opposed to limiting equilibrium. 

In part (ii) many candidates struggled to know how to deal with the force that acts on the 
prism and thought instead that it would be acting on the particle. 

Those candidates who attempted part (iii) generally did well and many realised how to get 
both sides of the required inequality and were able to follow through the required 
manipulation. 

 

  



Question 11 

This question received one of the lowest numbers of responses and many of the responses 
did not achieve many marks. 

In part (i) candidates were generally able to complete the differentiation correctly and 
identify the location of the stationary point of the curve. Most were also able to identify the 
correct behaviour of the course as 𝑥𝑥 → 0, but several incorrectly believed that the function 
also approached 0 as 𝑥𝑥 → ∞. Some candidates were not able to justify why the maximum 
value when taking the function over integers must occur when 𝑛𝑛 = 2 or 𝑛𝑛 = 3. Many 
candidates were however able to explain clearly that the value is greater when 𝑛𝑛 = 3 
compared to 𝑛𝑛 = 2. 

Part (ii) proved to be difficult for many candidates, with many incorrectly calculating the 
probability that a combined test is found to be negative or omitting the first test when 
counting the number of tests required if a group did test positive. 

Those candidates who had successfully solved part (ii) were able to produce good solutions 
to part (iii) as well. Part (iv) was also answered well, although several candidates did not 
justify the exclusion of higher order terms in the expansion of (1 − 𝑝𝑝)𝑘𝑘. 

 

  



Question 12 

This question received one of the lowest numbers of responses and many of the responses 
did not achieve many marks. 

In both parts of the question candidates often failed to calculate the probabilities that were 
needed to start the calculations, although many candidates were able to calculate the 
relevant combinatorial factors successfully and showed accurate algebraic manipulation 
when using the formulae provided in the question. 

Those candidates who reached the final part of the question were able to identify a suitable 
approach for comparing the probability of there being one winner with the probability of 
there being two winners, although this was not executed correctly in most cases. 
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Question Answer Mark 
1 i  The two sums are 

1
2

(𝑛𝑛 + 𝑘𝑘)(2𝑐𝑐 + (𝑛𝑛 + 𝑘𝑘 − 1)) and  
1
2
𝑛𝑛(2(𝑐𝑐 + 𝑛𝑛 + 𝑘𝑘) + (𝑛𝑛 − 1))  

B1 
   Difference simplifies to 

1
2

(2𝑐𝑐𝑐𝑐 + 𝑘𝑘2 − 2𝑛𝑛2 − 𝑘𝑘)  
M1 

   Two sums are equal if and only if the difference is 0 

if and only 2𝑛𝑛2 + 𝑘𝑘 = 2𝑐𝑐𝑐𝑐 + 𝑘𝑘2 A1 
    [3] 
 ii a If 𝑘𝑘 = 1, require 𝑛𝑛2 = 𝑐𝑐. 

Any value of 𝑛𝑛 is possible. B1 
  b If 𝑘𝑘 = 2, require 𝑛𝑛2 = 2𝑐𝑐 + 1 M1 
   𝑛𝑛 can be any odd value, A1 
   and 𝑐𝑐 = 𝑛𝑛2−1

2
 

A1 
    [4] 
 iii  If 𝑘𝑘 = 4, require 𝑛𝑛2 = 4𝑐𝑐 + 6 B1 
   RHS has a factor of 2, but not a factor of 4 … E1 
   … so cannot be a square. E1 
    [3] 
 iv a If 𝑐𝑐 = 1, require 2𝑛𝑛2 = 𝑘𝑘(𝑘𝑘 + 1):  
   𝑘𝑘 = 1,𝑛𝑛 = 1  B1 
   𝑘𝑘 = 8,𝑛𝑛 = 6  B1 
    [2] 

 
  



 
Question Answer Mark 
1 iv b   
   Since (𝑁𝑁,𝐾𝐾) is a solution: 

2𝑁𝑁2 + 𝐾𝐾 = 2𝐾𝐾 + 𝐾𝐾2 or 2𝑁𝑁2 = 𝐾𝐾(𝐾𝐾 + 1) B1 
   2(3𝑁𝑁 + 2𝐾𝐾 + 1)2 + (4𝑁𝑁 + 3𝐾𝐾 + 1) =  

18𝑁𝑁2 + 8𝐾𝐾2 + 3 + 24𝑁𝑁𝑁𝑁 + 16𝑁𝑁 + 11𝐾𝐾 
OR 

2(3𝑁𝑁 + 2𝐾𝐾 + 1)2 = 

18𝑁𝑁2 + 8𝐾𝐾2 + 2 + 24𝑁𝑁𝑁𝑁 + 12𝑁𝑁 + 8𝐾𝐾 M1 
   2(4𝑁𝑁 + 3𝐾𝐾 + 1) + (4𝑁𝑁 + 3𝐾𝐾 + 1)2 =  

16𝑁𝑁2 + 9𝐾𝐾2 + 3 + 24𝑁𝑁𝑁𝑁 + 16𝑁𝑁 + 12𝐾𝐾 
OR 
(4𝑁𝑁 + 3𝐾𝐾 + 1)(4𝑁𝑁 + 3𝐾𝐾 + 2) = 

16𝑁𝑁2 + 9𝐾𝐾2 + 2 + 24𝑁𝑁𝑁𝑁 + 12𝑁𝑁 + 9𝐾𝐾 M1 
   Difference between the two expressions that use = 2𝑁𝑁2 − 𝐾𝐾2 − 𝐾𝐾 M1 
   = 0, so  

𝑁𝑁′ = (3𝑁𝑁 + 2𝐾𝐾 + 1) is a possible value for 𝑛𝑛, with 𝐾𝐾′ = (4𝑁𝑁 + 3𝐾𝐾 + 1) as 
the corresponding value of 𝑘𝑘. A1 

    [5] 
  c Use of recurrence with one of the pairs found in part (iv)(a) M1 
   𝑘𝑘 = 49,𝑛𝑛 = 35  A1 
   𝑘𝑘 = 288,𝑛𝑛 = 204  A1 
    [3] 

 
  



 
Question Answer Mark 
2 i  

(8 + 𝑥𝑥3)−1 =
1
8�

1 +
𝑥𝑥3

8 �
−1

 
 

   
=

1
8�

1 −
𝑥𝑥3

8
+
𝑥𝑥6

64
−

𝑥𝑥9

512
+ ⋯� 

M1 

   
=

1
8
�(−1)𝑘𝑘 �

𝑥𝑥
2
�
3𝑘𝑘∞

𝑘𝑘=0

 
A1 

   
�

𝑥𝑥𝑚𝑚

8 + 𝑥𝑥3
𝑑𝑑𝑑𝑑

1

0
= �

1
8
�

(−1)𝑘𝑘

23𝑘𝑘
𝑥𝑥𝑚𝑚+3𝑘𝑘

∞

𝑘𝑘=0

𝑑𝑑𝑑𝑑
1

0
 

M1 

   
=

1
8
��

(−1)𝑘𝑘

23𝑘𝑘
𝑥𝑥𝑚𝑚+3𝑘𝑘+1

𝑚𝑚 + 3𝑘𝑘 + 1
 �
0

1∞

𝑘𝑘=0

 
A1 

   
= ��

(−1)𝑘𝑘

23(𝑘𝑘+1)
1

𝑚𝑚 + 3𝑘𝑘 + 1�
∞

𝑘𝑘=0

 
A1 

    [5] 
 ii  

�
(−1)𝑘𝑘

23(𝑘𝑘+1) �
1

3𝑘𝑘 + 3
�

∞

𝑘𝑘=0

= �
𝑥𝑥2

8 + 𝑥𝑥3
𝑑𝑑𝑑𝑑

1

0
 

�
(−1)𝑘𝑘

23(𝑘𝑘+1) �
−2

3𝑘𝑘 + 2
�

∞

𝑘𝑘=0

= �
−2𝑥𝑥

8 + 𝑥𝑥3
𝑑𝑑𝑑𝑑

1

0
 

�
(−1)𝑘𝑘

23(𝑘𝑘+1) �
4

3𝑘𝑘 + 1
�

∞

𝑘𝑘=0

= �
4

8 + 𝑥𝑥3
𝑑𝑑𝑑𝑑

1

0
 

M1 

   
�

(−1)𝑘𝑘

23(𝑘𝑘+1) �
1

3𝑘𝑘 + 3
−

2
3𝑘𝑘 + 2

+
4

3𝑘𝑘 + 1
�

∞

𝑘𝑘=0

 

= �
𝑥𝑥2 − 2𝑥𝑥 + 4

8 + 𝑥𝑥3
𝑑𝑑𝑑𝑑

1

0
 

A1 

   
= �

𝑥𝑥2 − 2𝑥𝑥 + 4
(𝑥𝑥 + 2)(𝑥𝑥2 − 2𝑥𝑥 + 4)𝑑𝑑𝑑𝑑

1

0
 

M1 

   
= �

1
𝑥𝑥 + 2

𝑑𝑑𝑑𝑑
1

0
 

A1 

   = [ln(𝑥𝑥 + 2)]01 = ln �
3
2
� B1 

    [5] 
 iii  72(2𝑘𝑘 + 1)

(3𝑘𝑘 + 1)(3𝑘𝑘 + 2)
=

24
3𝑘𝑘 + 1

+
24

3𝑘𝑘 + 2
 

M1 
A1 

   
�

(−1)𝑘𝑘

23(𝑘𝑘+1)
72(2𝑘𝑘 + 1)

(3𝑘𝑘 + 1)(3𝑘𝑘 + 2)

∞

𝑘𝑘=0

= �
24𝑥𝑥 + 24

8 + 𝑥𝑥3
𝑑𝑑𝑑𝑑

1

0
 

A1 

   
= �

2(𝑥𝑥 + 8)
𝑥𝑥2 − 2𝑥𝑥 + 4

−
2

𝑥𝑥 + 2
𝑑𝑑𝑑𝑑

1

0
 

M1 
A1 

   
= �

2(𝑥𝑥 − 1)
𝑥𝑥2 − 2𝑥𝑥 + 4

+
18

𝑥𝑥2 − 2𝑥𝑥 + 4
−

2
𝑥𝑥 + 2

𝑑𝑑𝑑𝑑
1

0
 

M1 

   = [ln(𝑥𝑥2 − 2𝑥𝑥 + 4)]01 … M1 
   

… + �6√3 arctan �
𝑥𝑥 − 1
√3

��
0

1
… 

M1 

   …− [2ln (𝑥𝑥 + 2)]01 A1 
   = ln 3 − ln 4 − 2 ln 3 + 2 ln 2 + 6√3 ∙

𝜋𝜋
6

  

= 𝜋𝜋√3 − ln 3 

A1 

    [10] 



Question Answer Mark 
3 i  Gradient of 𝑁𝑁𝑁𝑁 is sin𝜃𝜃

1+cos𝜃𝜃
 �= 𝑦𝑦

1
� 

M1 
   

𝑦𝑦 =
2 sin �1

2𝜃𝜃� cos �1
2𝜃𝜃� 

1 + 2 cos2 �1
2𝜃𝜃� − 1

 

M1 
   = tan �

1
2
𝜃𝜃� 

A1 
    [3] 
 ii a 

𝑓𝑓1(𝑞𝑞) =
tan 1

4𝜋𝜋 + tan 1
2𝜃𝜃

1 − tan 1
4𝜋𝜋 tan 1

2𝜃𝜃
 B1 

 
M1 

   = tan
1
2
�𝜃𝜃 +

1
2
𝜋𝜋� 

A1 
    [3] 
 ii b If the coordinates of 𝑃𝑃1 are (cos𝜓𝜓 , sin𝜓𝜓): 

𝑓𝑓(𝑞𝑞1) = tan �
1
2
𝜓𝜓� = tan

1
2
�𝜃𝜃 +

1
2
𝜋𝜋� 

 M1 
   𝑃𝑃1 is the image of 𝑃𝑃 under rotation anticlockwise through a right angle 

about 𝑂𝑂. 
B1 
B1 

    [3] 
 iii a 𝑓𝑓2(𝑞𝑞) = tan

1
2
�𝜃𝜃 +

1
3
𝜋𝜋� 

M1 
   

=
tan �1

6𝜋𝜋� + 𝑞𝑞

1 − 𝑞𝑞 tan �1
6𝜋𝜋�

 

A1 
   

=
1 + √3𝑞𝑞
√3 − 𝑞𝑞

 A1 
 

    [3] 
 iii b 𝑓𝑓3(𝑞𝑞) = 𝑓𝑓1(−𝑞𝑞), so M1 
   𝑓𝑓3(𝑞𝑞) = tan

1
2
�

1
2
𝜋𝜋 − 𝜃𝜃� 

A1 
   So the coordinates of 𝑃𝑃3 are (sin𝜃𝜃 , cos𝜃𝜃) 

M1 
   𝑃𝑃3 is the image of 𝑃𝑃 under reflection in 𝑦𝑦 = 𝑥𝑥 A1 
    [4] 
 iii c 𝑃𝑃4 is the image of 𝑃𝑃 under the following sequence of transformations: 

Rotation anticlockwise through 1
3
𝜋𝜋 

Reflection in 𝑦𝑦 = 𝑥𝑥 
Rotation clockwise through −1

3
𝜋𝜋 

 
 
M1 
 
A1 
 

   A point is invariant under this transformation if its image under the 
rotation anticlockwise through 1

3
𝜋𝜋 lies on the line 𝑦𝑦 = 𝑥𝑥 

M1 
   … making an angle of − 𝜋𝜋

12
 with the positive x-axis 

A1 
    [4] 

 
  



Question Answer Mark 
4 i a 𝒃𝒃 is a linear combination of 𝒙𝒙 and 𝒚𝒚, so it must lie in the plane 𝑂𝑂𝑂𝑂𝑂𝑂 B1 
   𝒃𝒃 ∙ 𝒙𝒙 = (|𝒙𝒙|𝒚𝒚 + |𝒚𝒚|𝒙𝒙) ∙ 𝒙𝒙 = |𝒙𝒙|𝒚𝒚 ∙ 𝒙𝒙 + |𝒚𝒚||𝒙𝒙|2 M1 
   If 𝜃𝜃 is the angle between 𝒙𝒙 and 𝒃𝒃, then  

cos𝜃𝜃 =
𝒃𝒃 ∙ 𝒙𝒙

|𝒃𝒃||𝒙𝒙| =
𝒙𝒙 ∙ 𝒚𝒚 + |𝒙𝒙||𝒚𝒚|

|𝒃𝒃|  M1 
   Similarly, 

𝒃𝒃 ∙ 𝒚𝒚
|𝒃𝒃||𝒚𝒚| =

𝒙𝒙 ∙ 𝒚𝒚 + |𝒙𝒙||𝒚𝒚|
|𝒃𝒃|  

so the angle between 𝒃𝒃 and 𝒚𝒚 is also 𝜃𝜃. A1 
   Since  𝒙𝒙 ∙ 𝒚𝒚 + |𝒙𝒙||𝒚𝒚| > 0, cos𝜃𝜃 > 0 and so the angle is less than 90° E1 
   A sketch to indicate why any other bisecting vector is a positive multiple 

of this. E1 
    [6] 
 i b The vector 𝑋𝑋𝑋𝑋�����⃗ = 𝜆𝜆𝒃𝒃 − 𝒙𝒙 must be parallel to the vector 𝑋𝑋𝑋𝑋�����⃗ = 𝒚𝒚 − 𝒙𝒙.  
   For some 𝜇𝜇: 

𝜆𝜆𝒃𝒃 − 𝒙𝒙 = 𝜇𝜇(𝒚𝒚 − 𝒙𝒙) M1 
   𝜆𝜆(|𝒙𝒙|𝒚𝒚 + |𝒚𝒚|𝒙𝒙) − 𝒙𝒙 = 𝜇𝜇(𝒚𝒚 − 𝒙𝒙) 

(𝜆𝜆|𝒚𝒚| +  𝜇𝜇 − 1)𝒙𝒙 = (𝜇𝜇 − 𝜆𝜆|𝒙𝒙|)𝒚𝒚 A1 
   Since 𝒙𝒙 and 𝒚𝒚 are not parallel: 

𝜆𝜆|𝒚𝒚| +  𝜇𝜇 − 1 = 0 
𝜇𝜇 − 𝜆𝜆|𝒙𝒙| = 0 E1 

   𝜆𝜆 =
1

|𝒙𝒙| + |𝒚𝒚| M1 
   

𝜇𝜇 =
|𝒙𝒙|

|𝒙𝒙| + |𝒚𝒚| M1 
   So 𝐵𝐵 divides 𝑋𝑋𝑋𝑋 in the ratio |𝒙𝒙|: |𝒚𝒚| A1 
    [6] 
 i c If 𝑂𝑂𝑂𝑂 is perpendicular to 𝑋𝑋𝑋𝑋: 

𝒃𝒃 ∙ (𝒚𝒚 − 𝒙𝒙) = 0 
|𝒙𝒙||𝒚𝒚|2 + |𝒚𝒚|𝒙𝒙 ∙ 𝒚𝒚 − |𝒙𝒙|𝒚𝒚 ∙ 𝒙𝒙 − |𝒚𝒚||𝒙𝒙|2 = 0 
(|𝒚𝒚| − |𝒙𝒙|)(|𝒙𝒙||𝒚𝒚| + 𝒙𝒙 ∙ 𝒚𝒚) = 0 

M1 
A1 

   |𝒙𝒙||𝒚𝒚| + 𝒙𝒙 ∙ 𝒚𝒚 > 0 
So |𝒙𝒙| = |𝒚𝒚| A1 

    [3] 
 ii  Let 𝒑𝒑, 𝒒𝒒 and 𝒓𝒓 be the position vectors of 𝑃𝑃, 𝑄𝑄 and 𝑅𝑅 respectively.  
   The bisecting vector of 𝑃𝑃𝑃𝑃𝑃𝑃 is |𝒑𝒑|𝒒𝒒 + |𝒒𝒒|𝒑𝒑 

The bisecting vector of 𝑄𝑄𝑄𝑄𝑄𝑄 is |𝒒𝒒|𝒓𝒓 + |𝒓𝒓|𝒒𝒒 
 

   If 𝜃𝜃 is the angle between these two vectors, then: 

cos𝜃𝜃 =
(|𝒑𝒑|𝒒𝒒 + |𝒒𝒒|𝒑𝒑) ∙ (|𝒒𝒒|𝒓𝒓 + |𝒓𝒓|𝒒𝒒)
�|𝒑𝒑|𝒒𝒒 + |𝒒𝒒|𝒑𝒑� �|𝒒𝒒|𝒓𝒓+ |𝒓𝒓|𝒒𝒒�

 
M1 

   
=

|𝒑𝒑||𝒒𝒒|𝒒𝒒 ∙ 𝒓𝒓 + |𝒑𝒑||𝒓𝒓||𝒒𝒒|𝟐𝟐 + |𝒒𝒒|𝟐𝟐𝒑𝒑 ∙ 𝒓𝒓 + |𝒒𝒒||𝒓𝒓|𝒑𝒑 ∙ 𝒒𝒒
�|𝒑𝒑|𝒒𝒒 + |𝒒𝒒|𝒑𝒑� �|𝒒𝒒|𝒓𝒓 + |𝒓𝒓|𝒒𝒒�

 
M1 

   
cos𝜃𝜃 =

|𝒒𝒒|(|𝒑𝒑||𝒒𝒒||𝒓𝒓| + |𝒑𝒑|𝒒𝒒 ∙ 𝒓𝒓 + |𝒒𝒒|𝒑𝒑 ∙ 𝒓𝒓 + |𝒓𝒓|𝒑𝒑 ∙ 𝒒𝒒)
�|𝒑𝒑|𝒒𝒒 + |𝒒𝒒|𝒑𝒑� �|𝒒𝒒|𝒓𝒓 + |𝒓𝒓|𝒒𝒒�

 
A1 

   |𝒑𝒑||𝒒𝒒||𝒓𝒓| + |𝒑𝒑|𝒒𝒒 ∙ 𝒓𝒓 + |𝒒𝒒|𝒑𝒑 ∙ 𝒓𝒓 + |𝒓𝒓|𝒑𝒑 ∙ 𝒒𝒒 is symmetrical in 𝒑𝒑, 𝒒𝒒 and 𝒓𝒓. E1 
   All other factors are strictly positive, so the sign will be the same for all 

three angles (and so the angles are either all acute, all right angles or all 
obtuse). E1 

    [5] 
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5 i  𝑓𝑓1(𝑡𝑡) = (𝑡𝑡 + 3)2 + 2 = 𝐹𝐹1(𝑡𝑡 + 3) M1 
   Since 𝑡𝑡 ↦ 𝑡𝑡 + 3 is a one-to-one correspondence on ℤ, the functions have 

the same range. A1 
    [2] 
 ii  If there is a value that lies in both the range of 𝑓𝑓1 and 𝑔𝑔1, then there are 

integers 𝑠𝑠 and 𝑡𝑡 such that: 
𝑓𝑓1(𝑠𝑠) = (𝑠𝑠 + 3)2 + 2 = 𝑔𝑔1(𝑡𝑡) = (𝑡𝑡 − 1)2 + 4 M1 

   (𝑠𝑠 + 3)2 − (𝑡𝑡 − 1)2 = 2 A1 
   which is not possible for any integers 𝑠𝑠 and 𝑡𝑡. E1 
    [3] 
 iii  For any value that lies in both the range of 𝑓𝑓2 and 𝑔𝑔2, there are integers 𝑠𝑠 

and 𝑡𝑡 such that: 
𝑓𝑓2(𝑠𝑠) = (𝑠𝑠 − 1)2 − 7 = 𝑔𝑔2(𝑡𝑡) = (𝑡𝑡 − 2)2 − 2 M1 

   (𝑠𝑠 − 1)2 − (𝑡𝑡 − 2)2 = 5 
(𝑠𝑠 + 𝑡𝑡 − 3)(𝑠𝑠 − 𝑡𝑡 + 1) = 5 A1 

   𝑠𝑠 + 𝑡𝑡 − 3 = 1 
𝑠𝑠 − 𝑡𝑡 + 1 = 5 
has solution 𝑠𝑠 = 4, 𝑡𝑡 = 0 M1 

   𝑠𝑠 + 𝑡𝑡 − 3 = −1 
𝑠𝑠 − 𝑡𝑡 + 1 = −5 
has solution 𝑠𝑠 = −2, 𝑡𝑡 = 4  

   𝑠𝑠 + 𝑡𝑡 − 3 = 5 
𝑠𝑠 − 𝑡𝑡 + 1 = 1 
has solution 𝑠𝑠 = 4, 𝑡𝑡 = 4  

   𝑠𝑠 + 𝑡𝑡 − 3 = −5 
𝑠𝑠 − 𝑡𝑡 + 1 = −1 
has solution 𝑠𝑠 = −2, 𝑡𝑡 = 0 A1 

   All cases lead to 𝑓𝑓2(𝑠𝑠) = 𝑔𝑔2(𝑡𝑡) = 2, so only 2 lies in the intersection 
between the ranges. A1 

    [5] 
 iv  4(𝑝𝑝2 + 𝑝𝑝𝑝𝑝 + 𝑞𝑞2) = (𝑝𝑝 − 𝑞𝑞)2 + 3(𝑝𝑝 + 𝑞𝑞)2 

 
𝑝𝑝2 + 𝑝𝑝𝑝𝑝 + 𝑞𝑞2 = (𝑝𝑝 + 𝑞𝑞)2 − 𝑝𝑝𝑝𝑝 = (𝑝𝑝 − 𝑞𝑞)2 + 3𝑝𝑝𝑝𝑝 sufficient for M1 M1 

   Therefore 𝑝𝑝2 + 𝑝𝑝𝑝𝑝 + 𝑞𝑞2 ≥ 0 for all real 𝑝𝑝 and 𝑞𝑞. A1 
    [2] 
   𝑓𝑓3(𝑠𝑠) = 𝑠𝑠3 − 3𝑠𝑠2 + 7𝑠𝑠 = 𝑔𝑔3(𝑡𝑡) = 𝑡𝑡3 + 4𝑡𝑡 − 6  
   (𝑠𝑠 − 1)3 = 𝑠𝑠3 − 3𝑠𝑠2 + 3𝑠𝑠 − 1, so 

(𝑠𝑠 − 1)3 − 𝑡𝑡3 + 4𝑠𝑠 − 4𝑡𝑡 = −7 M1 
   (𝑠𝑠 − 1 − 𝑡𝑡)((𝑠𝑠 − 1)2 + (𝑠𝑠 − 1)𝑡𝑡 + 𝑡𝑡2) + 4(𝑠𝑠 − 1 − 𝑡𝑡) = −11 M1 
   (𝑠𝑠 − 1 − 𝑡𝑡)((𝑠𝑠 − 1)2 + (𝑠𝑠 − 1)𝑡𝑡 + 𝑡𝑡2 + 4) = −11 A1 
   By the result at the start of part (iv): 

((𝑠𝑠 − 1)2 + (𝑠𝑠 − 1)𝑡𝑡 + 𝑡𝑡2 + 4) ≥ 4 
so the product can only be −1 × 11  

M1 
A1 
 

   We have 𝑠𝑠 = 𝑡𝑡 and so  
𝑠𝑠2 − 2𝑠𝑠 + 1 + 𝑠𝑠2 − 𝑠𝑠 + 𝑠𝑠2 + 4 = 11 

3𝑠𝑠2 − 3𝑠𝑠 − 6 = 0, so 3(𝑠𝑠 − 2)(𝑠𝑠 + 1) = 0,  
giving 𝑠𝑠 = 𝑡𝑡 = 2 or 𝑠𝑠 = 𝑡𝑡 = −1 

 
M1 
 
A1 

   So the intersection is {𝑓𝑓3(−1),𝑓𝑓3(2)} = {−11,10} A1 
    [8] 
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6 i   For 𝑛𝑛 = 0 : 

𝑇𝑇0 =
1

20
�0

0� = 1 
 B1 

   Assume that the result is true for 𝑛𝑛 = 𝑘𝑘: 

𝑇𝑇𝑘𝑘 =
1

22𝑘𝑘
�2𝑘𝑘
𝑘𝑘 �  

   
𝑇𝑇𝑘𝑘+1 =

2(𝑘𝑘 + 1) − 1
2(𝑘𝑘 + 1)

∙
1

22𝑘𝑘
�2𝑘𝑘
𝑘𝑘 � M1 

   
𝑇𝑇𝑘𝑘+1 =

1
22𝑘𝑘

∙
2𝑘𝑘 + 1

2(𝑘𝑘 + 1)
∙

(2𝑘𝑘)!
(𝑘𝑘!)2

 

𝑇𝑇𝑘𝑘+1 =
1

22𝑘𝑘
∙

2𝑘𝑘 + 1
2(𝑘𝑘 + 1) ∙

(2𝑘𝑘)!
(𝑘𝑘!)2

∙
2𝑘𝑘 + 2

2(𝑘𝑘 + 1) 

𝑇𝑇𝑘𝑘+1 =
1

22(𝑘𝑘+1) ∙
(2(𝑘𝑘 + 1))!

�(𝑘𝑘 + 1)!�2
 

𝑇𝑇𝑘𝑘 = 1
22(𝑘𝑘+1) �

2(𝑘𝑘 + 1)
𝑘𝑘 + 1

�  

M1 
 
 
 
 
A1 

   Hence, by induction: 

𝑇𝑇𝑛𝑛 =
1

22𝑛𝑛
�2𝑛𝑛
𝑛𝑛 � A1 

    [5] 
 ii  

𝑎𝑎𝑟𝑟 = �−
1
2
� �−

3
2
�⋯�−

2𝑟𝑟 − 1
2

�
(−1)𝑟𝑟

𝑟𝑟!
  

 
M1 
 
 
 
 
A1 
 
 
 

     
   

𝑎𝑎𝑟𝑟−1 = �−
1
2
� �−

3
2
�⋯�−

2(𝑟𝑟 − 1) − 1
2 �

(−1)𝑟𝑟−1

(𝑟𝑟 − 1)!
 

M1 
   Therefore, 

𝑎𝑎𝑟𝑟 = 𝑎𝑎𝑟𝑟−1 ∙ �−
2𝑟𝑟 − 1

2
� ∙
−1
𝑟𝑟

 

𝑎𝑎𝑟𝑟 =
2𝑟𝑟 − 1

2𝑟𝑟
𝑎𝑎𝑟𝑟−1 

E1 
   Since 𝑎𝑎0 = 1 = 𝑇𝑇0, B1 
   𝑎𝑎𝑟𝑟 = 𝑇𝑇𝑟𝑟 for 𝑟𝑟 = 0, 1, 2,⋯ A1 
    [6] 
 iii   

 

𝑏𝑏𝑟𝑟 =
�3

2 ∙
5
2 ∙ … ∙ (2𝑟𝑟 − 1)

2 ∙ (2𝑟𝑟 + 1)
2 �

𝑟𝑟!
 M1 

 
   So, 𝑏𝑏𝑟𝑟

𝑎𝑎𝑟𝑟
= 2𝑟𝑟 + 1 

 
Correctly argued for general terms 

A1 
 
 
E1 

   𝑏𝑏𝑟𝑟 =
2𝑟𝑟 + 1

22𝑟𝑟
�2𝑟𝑟
𝑟𝑟 � A1 

    [4] 
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6 iv  (1 − 𝑥𝑥)−1 = Σ𝑟𝑟=0∞ 𝑥𝑥𝑟𝑟 B1 
    

(1 + 𝑥𝑥 + 𝑥𝑥2 + ⋯ )(𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + 𝑎𝑎2𝑥𝑥2 + ⋯ ) = (𝑏𝑏0 + 𝑏𝑏1𝑥𝑥 + 𝑏𝑏2𝑥𝑥2 + ⋯ ) B1 
   The term in 𝑥𝑥𝑛𝑛 on the LHS is: 

1 ∙ 𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛 + 𝑥𝑥 ∙ 𝑎𝑎𝑛𝑛−1𝑥𝑥𝑛𝑛−1 + ⋯+ 𝑥𝑥𝑛𝑛 ∙ 𝑎𝑎0 
M1 
A1 

   Therefore, 
𝑏𝑏𝑛𝑛 = Σ𝑟𝑟=0n 𝑎𝑎𝑟𝑟  
as required. A1 

    [5] 
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7 i  Circles with centres at (1,0) and (-1,0), B1 
   both with radius 1 B1 
    [2] 
 ii a 𝑦𝑦 = 𝑘𝑘 meets the curve when 

(𝑥𝑥2 + 𝑘𝑘2 − 2𝑥𝑥)(𝑥𝑥2 + 𝑘𝑘2 + 2𝑥𝑥) =
1

16
  

   (𝑥𝑥2 + 𝑘𝑘2 − 2𝑥𝑥)(𝑥𝑥2 + 𝑘𝑘2 + 2𝑥𝑥) = (𝑥𝑥2 + 𝑘𝑘2)2 − 4𝑥𝑥2 
M1 

   So 

(𝑥𝑥2 + 𝑘𝑘2)2 − 4𝑥𝑥2 −
1

16
= 0 

𝑥𝑥4 + 2𝑥𝑥2(𝑘𝑘2 − 2) + 𝑘𝑘4 −
1

16
= 0 A1 

   (𝑥𝑥2 + 𝑘𝑘2 − 2)2 + 4𝑘𝑘2 −
65
16

= 0 

𝑥𝑥2 = 2 − 𝑘𝑘2 ± �65
16

− 4𝑘𝑘2 

M1 
 
 
A1 

   If 𝑘𝑘2 > 65
64

 there will be no roots 

If 𝑘𝑘2 = 65
64

 there will be two roots 
B1 

   If 𝑘𝑘2 < 65
64

, the smaller of the two values of 𝑥𝑥2 is 

2 − 𝑘𝑘2 − �65
16

− 4𝑘𝑘2 
M1 

   
2 − 𝑘𝑘2 − �65

16
− 4𝑘𝑘2 = 0 when  

(2 − 𝑘𝑘2)2 =
65
16

− 4𝑘𝑘2  
   𝑘𝑘4 =

1
16

 

So there will be three roots if 𝑘𝑘2 = 1
4
 A1 

   There will be two roots if 0 ≤ 𝑘𝑘2 < 1
4
 

There will be four roots if 1
4

< 𝑘𝑘2 < 65
64

 A1 
    [8] 
 ii b Greatest possible y-coordinate is when 𝑘𝑘2 = 65

64
 M1 

   So 𝑥𝑥2 = 2 − 𝑘𝑘2 = 63
64

< 1 
So these points are closer to the y-axis than those on 𝐶𝐶1 A1 

    [2] 
 ii c If both expressions are negative, then the distance from (𝑥𝑥,𝑦𝑦) to the 

points (1,0) and (−1,0) would both be less than 1. E1 
   But the shortest distance between (1,0) and (−1,0) is 2, so this is not 

possible. 
Therefore, it is not possible for both expressions to be negative. E1 

   Since the product of the two expression is positive and they are not both 
negative, they must both be positive. 
Therefore, the distance between the point (𝑥𝑥,𝑦𝑦) and each of the points 
(1,0) and (−1,0) must be greater than 1, so the curve 𝐶𝐶2 lies entirely 
outside the circle 𝐶𝐶1 E1 

    [3] 
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7 ii d Continuous curve outside the two circles of 𝐶𝐶1 G1 
   Symmetrical under reflection in x and y axes. G1 
   Intersections with x-axis at 𝑥𝑥 = ± 1

2
�8 + √65 G1 

   Intersections with y-axis at 𝑦𝑦 = ± 1
2
 G1 

   Maxima and minima at �± 1
8 √63, ± 1

8√65� G1 
    [5] 
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8 i  ��𝑥𝑥𝑛𝑛 − �𝑦𝑦𝑛𝑛�

2
= 2𝑎𝑎(𝑥𝑥𝑛𝑛,𝑦𝑦𝑛𝑛) − 2𝑔𝑔(𝑥𝑥𝑛𝑛,𝑦𝑦𝑛𝑛) 

= 2(𝑥𝑥𝑛𝑛+1 − 𝑦𝑦𝑛𝑛+1) 
M1 

   So 𝑥𝑥𝑛𝑛+1 − 𝑦𝑦𝑛𝑛+1 ≥ 0 for 𝑛𝑛 ≥ 0 A1 
   𝑦𝑦0 < 𝑥𝑥0 is given 

Suppose that 𝑦𝑦𝑘𝑘 < 𝑥𝑥𝑘𝑘: 
��𝑥𝑥𝑘𝑘 − �𝑦𝑦𝑘𝑘�

2
> 0 and so 𝑥𝑥𝑘𝑘+1 − 𝑦𝑦𝑘𝑘+1 > 0 

 
   Hence, by induction, 𝑦𝑦𝑛𝑛 < 𝑥𝑥𝑛𝑛 for 𝑛𝑛 ≥ 0 A1 
    [3] 
   𝑦𝑦𝑛𝑛+1 = �𝑥𝑥𝑛𝑛�𝑦𝑦𝑛𝑛 > �𝑦𝑦𝑛𝑛�𝑦𝑦𝑛𝑛 = 𝑦𝑦𝑛𝑛 B1 
   𝑥𝑥𝑛𝑛+1 =

1
2

(𝑥𝑥𝑛𝑛 + 𝑦𝑦𝑛𝑛) <
1
2

(𝑥𝑥𝑛𝑛 + 𝑥𝑥𝑛𝑛) = 𝑥𝑥𝑛𝑛 
B1 

   𝑦𝑦𝑛𝑛 < 𝑥𝑥𝑛𝑛 < 𝑥𝑥0 for 𝑛𝑛 ≥ 0, so the sequence is bounded above. 
B1 

   As shown above the sequence is increasing, so the result given at the 
start of the question applies. 
There is a value 𝑀𝑀 such that 𝑦𝑦𝑛𝑛 → 𝑀𝑀 as 𝑛𝑛 → ∞ B1 

    [4] 
   𝑥𝑥𝑛𝑛+1 − 𝑦𝑦𝑛𝑛+1 =

1
2 ��

𝑥𝑥𝑛𝑛 − �𝑦𝑦𝑛𝑛�
2
 

<
1
2 ��

𝑥𝑥𝑛𝑛 − �𝑦𝑦𝑛𝑛���𝑥𝑥𝑛𝑛 + �𝑦𝑦𝑛𝑛� 
M1 

   =
1
2

(𝑥𝑥𝑛𝑛 − 𝑦𝑦𝑛𝑛) 
 

   𝑥𝑥𝑛𝑛+1 − 𝑦𝑦𝑛𝑛+1 = 1
2
��𝑥𝑥𝑛𝑛 − �𝑦𝑦𝑛𝑛�

2
> 0, since 𝑥𝑥𝑛𝑛 ≠ 𝑦𝑦𝑛𝑛 for any value of 𝑛𝑛. 

Therefore 0 < 𝑥𝑥𝑛𝑛+1 − 𝑦𝑦𝑛𝑛+1 < 1
2

(𝑥𝑥𝑛𝑛 − 𝑦𝑦𝑛𝑛) A1 
   Hence 𝑥𝑥𝑛𝑛 − 𝑦𝑦𝑛𝑛 → 0 as 𝑛𝑛 → ∞ E1 
   So 𝑥𝑥𝑛𝑛 → 𝑀𝑀 as 𝑛𝑛 → ∞ E1 
    [4] 
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8 ii  𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
=

1
2
�1 +

𝑝𝑝𝑝𝑝
𝑥𝑥2
� 

M1 
   Limits: 

As 𝑥𝑥 → 0, 𝑡𝑡 → −∞ 
As 𝑥𝑥 → ∞, 𝑡𝑡 → ∞ E1  

   1
4

(𝑝𝑝 + 𝑞𝑞)2 +
1
4
�𝑥𝑥 −

𝑝𝑝𝑝𝑝
𝑥𝑥
�
2

=
1

4𝑥𝑥2
(𝑥𝑥4 + (𝑝𝑝2 + 𝑞𝑞2)𝑥𝑥2 + 𝑝𝑝2𝑞𝑞2) 

M1 
   =

1
4𝑥𝑥2

(𝑥𝑥2 + 𝑝𝑝2)(𝑥𝑥2 + 𝑞𝑞2) 
 

   
𝑝𝑝𝑝𝑝 +

1
4
�𝑥𝑥 −

𝑝𝑝𝑝𝑝
𝑥𝑥
�
2

=
1

4𝑥𝑥2
(𝑥𝑥4 + 2𝑝𝑝𝑝𝑝𝑥𝑥2 + 𝑝𝑝2𝑞𝑞2) 

=
1

4𝑥𝑥2
(𝑥𝑥2 + 𝑝𝑝𝑝𝑝)2 

A1 
   So the integral becomes: 

2�
1

�(𝑥𝑥2 + 𝑝𝑝2)(𝑥𝑥2 + 𝑞𝑞2)
𝑑𝑑𝑑𝑑

∞

0

= 2𝐼𝐼(𝑝𝑝, 𝑞𝑞) 

A1 
   Since the original integrand was an even function it is also equal to 

2𝐼𝐼�𝑎𝑎(𝑝𝑝, 𝑞𝑞),𝑔𝑔(𝑝𝑝, 𝑞𝑞)� E1 
    [6] 
   

𝐼𝐼(𝑥𝑥0,𝑦𝑦0) = 𝐼𝐼(𝑥𝑥1,𝑦𝑦1) = ⋯ = �
1

𝑥𝑥2 + 𝑀𝑀2 𝑑𝑑𝑑𝑑
∞

0
 

M1 
   

= �
1
𝑀𝑀

arctan �
𝑥𝑥
𝑀𝑀
��
0

∞
 A1 

   =
𝜋𝜋

2𝑀𝑀
 

A1 
    [3] 
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9 i a Horizontal displacement = 𝑑𝑑 when 

𝑡𝑡 =
𝑑𝑑

𝑣𝑣 cos𝛼𝛼
 

B1 
   Vertical displacement at this time is 

𝑠𝑠 = 𝑣𝑣 sin𝛼𝛼 �
𝑑𝑑

𝑣𝑣 cos𝛼𝛼
� −

𝑔𝑔
2
�

𝑑𝑑
𝑣𝑣 cos𝛼𝛼

�
2

 
B1 

   
𝑑𝑑 tan𝛼𝛼 −

𝑔𝑔𝑑𝑑2

2𝑣𝑣2
sec2 𝛼𝛼 > 0 M1 

   tan𝛼𝛼 −
1

2𝜆𝜆
(1 + tan2 𝛼𝛼) > 0  

   tan2 𝛼𝛼 − 2𝜆𝜆 tan𝛼𝛼 + 1 < 0 M1 
   (tan𝛼𝛼 − 𝜆𝜆)2 − 𝜆𝜆2 + 1 < 0  
   (tan𝛼𝛼 − 𝜆𝜆)2 < 𝜆𝜆2 − 1 A1 
   𝜆𝜆2 − 1 > (tan𝛼𝛼 − 𝜆𝜆)2 ≥ 0, so 𝜆𝜆2 > 1 E1 
    [6] 
  b Horizontal displacement = 2𝑑𝑑 when 

𝑡𝑡 =
2𝑑𝑑

𝑣𝑣 cos𝛼𝛼
 

M1 
   Vertical displacement at this time is 

𝑠𝑠 = 𝑣𝑣 sin𝛼𝛼 �
2𝑑𝑑

𝑣𝑣 cos𝛼𝛼
� −

𝑔𝑔
2
�

2𝑑𝑑
𝑣𝑣 cos𝛼𝛼

�
2

< −2𝑑𝑑 
 

   2 tan𝛼𝛼 −
2
𝜆𝜆

(1 + tan2 𝛼𝛼) < −2 
A1 

   tan2 𝛼𝛼 − 𝜆𝜆 tan𝛼𝛼 − 𝜆𝜆 + 1 > 0  
   

�tan𝛼𝛼 −
𝜆𝜆
2
�
2

−
𝜆𝜆2

4
− 𝜆𝜆 + 1 > 0 

M1 
   (2 tan𝛼𝛼 − 𝜆𝜆)2 > 𝜆𝜆2 + 4(𝜆𝜆 − 1) A1 
   Since 𝜆𝜆 > 1, (2 tan𝛼𝛼 − 𝜆𝜆)2 > 𝜆𝜆2 M1 
   4 tan2 𝛼𝛼 − 4𝜆𝜆 tan𝛼𝛼 > 0  
   tan𝛼𝛼 (tan𝛼𝛼 − 𝜆𝜆) > 0 M1 
   Since tan𝛼𝛼 > 0, (tan𝛼𝛼 − 𝜆𝜆) > 0 and so  

tan𝛼𝛼 > 𝜆𝜆 > 1 
Therefore 𝛼𝛼 > 45°  A1 

    [7] 
 ii  To satisfy tan2 𝛼𝛼 − 2𝜆𝜆 tan𝛼𝛼 + 1 < 0, requires 

2𝜆𝜆 − √4𝜆𝜆2 − 4
2

< tan𝛼𝛼 <
2𝜆𝜆 + √4𝜆𝜆2 − 4

2
  

   To satisfy tan2 𝛼𝛼 − 𝜆𝜆 tan𝛼𝛼 − 𝜆𝜆 + 1 > 0, requires 

tan𝛼𝛼 >
𝜆𝜆 + �𝜆𝜆2 + 4(𝜆𝜆 − 1)

2
 B1 

   which is possible provided that 
2𝜆𝜆 + √4𝜆𝜆2 − 4

2
>
𝜆𝜆 + �𝜆𝜆2 + 4(𝜆𝜆 − 1)

2
 M1 

   𝜆𝜆 + 2�𝜆𝜆2 − 1 > �𝜆𝜆2 + 4𝜆𝜆 − 4 A1 
   Since both sides of the inequality are positive this is equivalent to: E1 
   𝜆𝜆2 + 4𝜆𝜆 − 4 < 𝜆𝜆2 + 4(𝜆𝜆2 − 1) + 4𝜆𝜆�𝜆𝜆2 − 1 M1 
   1 < 𝜆𝜆 + �𝜆𝜆2 − 1 A1 
   Since 𝜆𝜆 > 1 and √𝜆𝜆2 − 1 > 0 this must be true A1 
    [7] 



 
Question Answer Mark 
10   Diagram showing the wedge and particle on the plane: 

There are 4 relevant forces. 
Weight acting on the particle. 
Horizontal force P acting on the wedge.  
Normal force and friction acting on the particle. 

B1 
B1 

    [2] 
 i  Resolving forces on the particle (if in equilibrium): 

𝑁𝑁 = 𝑚𝑚𝑚𝑚 cos𝛼𝛼  
𝐹𝐹 = 𝑚𝑚𝑚𝑚 sin𝛼𝛼 
OR 
𝑁𝑁 sin(𝛼𝛼) = 𝐹𝐹 cos(𝛼𝛼) (resolving horizontally) 

M1 
A1 

   𝐹𝐹 ≤ 𝜇𝜇𝜇𝜇, so tan𝛼𝛼 ≤ 𝜇𝜇 
(so if 𝜇𝜇 < tan𝛼𝛼 the system cannot be in equilibrium) E1 

    [3] 
 ii  For the whole system: 

𝑃𝑃 = (𝑀𝑀 + 𝑚𝑚)𝑎𝑎 
OR for the prism 

𝑃𝑃 + 𝐹𝐹 cos𝛼𝛼 − 𝑁𝑁 sin𝛼𝛼 = 𝑀𝑀𝑀𝑀 B1 
   For the particle horizontally and vertically: 

𝑁𝑁 sin𝛼𝛼 − 𝐹𝐹 cos𝛼𝛼 = 𝑚𝑚𝑚𝑚 
𝑁𝑁 cos𝛼𝛼 + 𝐹𝐹 sin𝛼𝛼 = 𝑚𝑚𝑚𝑚 
OR 
𝑁𝑁 −𝑚𝑚𝑚𝑚 cos𝛼𝛼   =  𝑚𝑚𝑚𝑚 sin𝛼𝛼  
𝑚𝑚𝑚𝑚 sin𝛼𝛼 − 𝐹𝐹  =  𝑚𝑚𝑚𝑚 cos𝛼𝛼  

B1 
B1 

   So 
𝑁𝑁 sin𝛼𝛼 cos𝛼𝛼 + 𝐹𝐹 sin2 𝛼𝛼 = 𝑚𝑚𝑚𝑚 sin𝛼𝛼 
𝑁𝑁 sin𝛼𝛼 cos𝛼𝛼 − 𝐹𝐹 cos2 𝛼𝛼 = 𝑚𝑚𝑚𝑚 cos𝛼𝛼  

   𝐹𝐹 =  𝑚𝑚𝑚𝑚 sin𝛼𝛼 −  𝑚𝑚𝑚𝑚 cos𝛼𝛼 M1 
   𝐹𝐹 = 𝑚𝑚�𝑔𝑔 sin𝛼𝛼 −

𝑃𝑃 cos𝛼𝛼
𝑀𝑀 + 𝑚𝑚

� =
𝑚𝑚

𝑚𝑚 + 𝑀𝑀�(𝑀𝑀 + 𝑚𝑚)𝑔𝑔 sin𝛼𝛼 − 𝑃𝑃 cos𝛼𝛼� A1 
   Also: 

𝑁𝑁 sin2 𝛼𝛼 − 𝐹𝐹 sin𝛼𝛼 cos𝛼𝛼 = 𝑚𝑚𝑚𝑚 sin𝛼𝛼 
𝑁𝑁 cos2 𝛼𝛼 + 𝐹𝐹 sin𝛼𝛼 cos𝛼𝛼 = 𝑚𝑚𝑚𝑚 cos𝛼𝛼 M1 

   𝑁𝑁 = 𝑚𝑚�
𝑃𝑃 sin𝛼𝛼
𝑀𝑀 +𝑚𝑚

+ 𝑔𝑔 cos𝛼𝛼� =
𝑚𝑚

𝑚𝑚 + 𝑀𝑀�(𝑀𝑀 + 𝑚𝑚)𝑔𝑔 cos𝛼𝛼 + 𝑃𝑃 sin𝛼𝛼� 
A1 

    [7] 
 iii  For equilibrium, require: 

−𝜇𝜇𝜇𝜇 ≤ 𝐹𝐹 ≤ 𝜇𝜇𝜇𝜇 M1 
   − tan 𝜆𝜆 �(𝑀𝑀 + 𝑚𝑚)𝑔𝑔 cos𝛼𝛼 + 𝑃𝑃 sin𝛼𝛼� ≤ (𝑀𝑀 + 𝑚𝑚)𝑔𝑔 sin𝛼𝛼 − 𝑃𝑃 cos𝛼𝛼

≤ tan 𝜆𝜆 �(𝑀𝑀 + 𝑚𝑚)𝑔𝑔 cos𝛼𝛼 + 𝑃𝑃 sin𝛼𝛼�   
   So 

− tan 𝜆𝜆 �(𝑀𝑀 + 𝑚𝑚)𝑔𝑔 + 𝑃𝑃 tan𝛼𝛼� ≤ (𝑀𝑀 + 𝑚𝑚)𝑔𝑔 tan𝛼𝛼 − 𝑃𝑃 
(𝑀𝑀 + 𝑚𝑚)𝑔𝑔 tan𝛼𝛼 − 𝑃𝑃 ≤ tan 𝜆𝜆 �(𝑀𝑀 + 𝑚𝑚)𝑔𝑔 + 𝑃𝑃 tan𝛼𝛼� M1 

   Therefore: 
𝑃𝑃(1 − tan𝛼𝛼 tan 𝜆𝜆) ≤ (𝑀𝑀 + 𝑚𝑚)𝑔𝑔(tan𝛼𝛼 + tan 𝜆𝜆) 
(𝑀𝑀 + 𝑚𝑚)𝑔𝑔(tan𝛼𝛼 − tan 𝜆𝜆) ≤ 𝑃𝑃(1 + tan𝛼𝛼 tan 𝜆𝜆) 

M1 
 
A1 

   Since 𝜆𝜆 < 1
4
𝜋𝜋, and 𝛼𝛼 < 𝜋𝜋

4
, tan𝛼𝛼 tan 𝜆𝜆 < 1 and so 

1 − tan𝛼𝛼 tan 𝜆𝜆 > 0 E1 
   

𝑃𝑃 ≤
(𝑀𝑀 + 𝑚𝑚)𝑔𝑔(tan𝛼𝛼 + tan 𝜆𝜆)

(1 − tan𝛼𝛼 tan 𝜆𝜆)  
(𝑀𝑀 + 𝑚𝑚)𝑔𝑔(tan𝛼𝛼 − tan 𝜆𝜆)

(1 + tan𝛼𝛼 tan 𝜆𝜆) ≤ 𝑃𝑃 M1 
A1 

   (𝑀𝑀 + 𝑚𝑚)𝑔𝑔 tan(𝛼𝛼 − 𝜆𝜆) ≤ 𝑃𝑃 ≤ (𝑀𝑀 + 𝑚𝑚)𝑔𝑔 tan(𝛼𝛼 + 𝜆𝜆) E1 
    [8] 
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11 i  𝑥𝑥

1
𝑥𝑥 = 𝑒𝑒

1
𝑥𝑥 ln𝑥𝑥 M1 

   𝑑𝑑
𝑑𝑑𝑑𝑑

�𝑥𝑥
1
𝑥𝑥� =

1 − ln𝑥𝑥
𝑥𝑥2

𝑥𝑥
1
𝑥𝑥 

A1 
   = 0 when 𝑥𝑥 = 𝑒𝑒 A1 
   1

𝑥𝑥
ln 𝑥𝑥 → 0 as 𝑥𝑥 → ∞, so 𝑥𝑥

1
𝑥𝑥 → 1 as 𝑥𝑥 → ∞ B1 

   Let 𝑥𝑥 = 1
𝑁𝑁

, then 𝑥𝑥
1
𝑥𝑥 = 1

𝑁𝑁𝑁𝑁 → 0 as 𝑁𝑁 → ∞  /  𝑥𝑥 → 0 B1 
   Graph showing the above and no additional turning points. 

Both coordinates of turning point �𝑒𝑒, 𝑒𝑒
1
𝑒𝑒� must be shown. G1 

    [6] 
   Since the graph is decreasing for 𝑥𝑥 > 𝑒𝑒, 3

1
3 > 𝑛𝑛

1
𝑛𝑛 for 𝑛𝑛 > 3 E1 

   2
1
2 = 4

1
4 and so is less than 3

1
3, so the maximum value is 3

1
3. E1 

    [2] 
 ii  For each group: 

𝑃𝑃(one test) = (1 − 𝑝𝑝)𝑘𝑘 M1 
   Expected number of tests is: 

1 ∙ (1 − 𝑝𝑝)𝑘𝑘 + (𝑘𝑘 + 1)�1 − (1 − 𝑝𝑝)𝑘𝑘� M1 
   Expected number of tests in total: 

𝑟𝑟�𝑘𝑘 + 1 − 𝑘𝑘(1 − 𝑝𝑝)𝑘𝑘� 

= 𝑁𝑁 �1 +
1
𝑘𝑘
− (1 − 𝑝𝑝)𝑘𝑘� A1 

    [3] 
 iii  𝑁𝑁 �1 +

1
𝑘𝑘
− (1 − 𝑝𝑝)𝑘𝑘� ≤ 𝑁𝑁 ⇒

1
𝑘𝑘
≤ (1 − 𝑝𝑝)𝑘𝑘 M1 

   1
1 − 𝑝𝑝

≤ 𝑘𝑘
1
𝑘𝑘 A1 

   By part (i) the maximum value arises when 𝑘𝑘 = 3 M1 
   and 1

1−𝑝𝑝
= 3

1
3 

𝑝𝑝 = 1 − 3−
1
3 A1 

   𝑝𝑝 −
1
4

=
3
4
− 3−

1
3  

   �3
4
�
−3

= 64
27

< 3, so 3−
1
3 < 3

4
 M1 

   So 𝑝𝑝 − 1
4

> 0 and 𝑝𝑝 > 1
4
 A1 

    [6] 
 iv  The term in 𝑝𝑝𝑛𝑛 in the expansion of (1 − 𝑝𝑝)𝑘𝑘 is 

𝑘𝑘(𝑘𝑘 − 1) … (𝑘𝑘 − 𝑛𝑛 + 1)
𝑛𝑛!

(−𝑝𝑝)𝑛𝑛 
𝑘𝑘(𝑘𝑘 − 1) … (𝑘𝑘 − 𝑛𝑛 + 1)

𝑛𝑛!
𝑝𝑝𝑛𝑛 <

(𝑘𝑘𝑘𝑘)𝑛𝑛

𝑛𝑛!
 M1 

   If 𝑘𝑘𝑘𝑘 is small: 

𝑁𝑁 �1 +
1
𝑘𝑘
− (1 − 𝑝𝑝)𝑘𝑘� ≈ 𝑁𝑁 �1 +

1
𝑘𝑘
− 1 + 𝑘𝑘𝑘𝑘� 

= 𝑁𝑁 �
1
𝑘𝑘

+ 𝑘𝑘𝑘𝑘� A1 
   If 𝑝𝑝 = 0.01 and 𝑘𝑘 = 10: 

1
10

+ 10(0.01) = 1
5
, so the expected number of tests is approximately 20% 

of 𝑁𝑁. E1 
    [3] 
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12 i  

𝑃𝑃(Value greater than 𝑎𝑎) =
(𝑛𝑛 − 𝑎𝑎)

𝑛𝑛
 M1 

   𝑋𝑋 is the event that Ada is given number 𝑎𝑎 and all other players are given 
a number greater than 𝑎𝑎. 

𝑃𝑃(𝑋𝑋) =
1
𝑛𝑛
∙ �
𝑛𝑛 − 𝑎𝑎
𝑛𝑛

�
𝑘𝑘−1

 A1 
   If 𝑘𝑘 = 4: 

𝑃𝑃(Ada wins) = �
1
𝑛𝑛
∙ �
𝑛𝑛 − 𝑎𝑎
𝑛𝑛

�
3

=
1
𝑛𝑛4

𝑛𝑛−1

𝑎𝑎=1

�(𝑛𝑛 − 𝑎𝑎)3
𝑛𝑛−1

𝑎𝑎=1

 
M1 

   
=

1
𝑛𝑛4

�𝑎𝑎3
𝑛𝑛−1

𝑎𝑎=1

 
M1 

   
=

(𝑛𝑛 − 1)2

4𝑛𝑛2
 

But each player has the same probability of winning, so: E1 
   

𝑃𝑃(There is a winner) =
(𝑛𝑛 − 1)2

𝑛𝑛2
 A1 

    [6] 
 ii  Let 𝑝𝑝(𝑎𝑎, 𝑑𝑑) be the probability that Ada is given number 𝑎𝑎, Bob is given 

number 𝑎𝑎 + 𝑑𝑑 + 1 and all others are given numbers in between.  
   

𝑝𝑝(𝑎𝑎,𝑑𝑑) =
1
𝑛𝑛2
�
𝑑𝑑
𝑛𝑛
�
𝑘𝑘−2

 B1 
   

𝑃𝑃(Ada has lowest score and Bob has highest score) = � �
1
𝑛𝑛2
�
𝑑𝑑
𝑛𝑛
�
2𝑛𝑛−𝑑𝑑−1

𝑎𝑎=1

𝑛𝑛−2

𝑑𝑑=1

 
M1 
 
 
A1 
 
 
 
 
 

   
=

1
𝑛𝑛4

�𝑑𝑑2 � 1
𝑛𝑛−𝑑𝑑−1

𝑎𝑎=1

𝑛𝑛−2

𝑑𝑑=1

 
M1 

   
=

1
𝑛𝑛4

�𝑑𝑑2
𝑛𝑛−2

𝑑𝑑=1

(𝑛𝑛 − 𝑑𝑑 − 1) =
1
𝑛𝑛4

�[(𝑛𝑛 − 1)𝑑𝑑2 − 𝑑𝑑3]
𝑛𝑛−2

𝑑𝑑=1

  
M1 

   
=

1
𝑛𝑛4
�
(𝑛𝑛 − 1)(𝑛𝑛 − 2)(𝑛𝑛 − 1)(2𝑛𝑛 − 3)

6
−

(𝑛𝑛 − 2)2(𝑛𝑛 − 1)2

4
� 

M1 
   

=
(𝑛𝑛 − 1)2(𝑛𝑛 − 2)

12𝑛𝑛4
[2(2𝑛𝑛 − 3) − 3(𝑛𝑛 − 2)]  

   
=

(𝑛𝑛 − 1)2(𝑛𝑛 − 2)
12𝑛𝑛3

 
A1 

   There are 2 ∙ �4
2� = 12 pairs of players and they each have the same 

probability of winning. E1 
   

𝑃𝑃(Two winners) =
(𝑛𝑛 − 1)2(𝑛𝑛 − 2)

𝑛𝑛3
 A1 

    [9] 
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12 ii 

contd 
 𝑃𝑃(Winner with lowest number) in this game is equal to 

𝑃𝑃(Winner with highest number) and is equal to the probability of there 
being a winner in the game in part (i) E1 

   
𝑃𝑃(Exactly one winner) = 2 ∙

(𝑛𝑛 − 1)2

𝑛𝑛2
− 2 ∙

(𝑛𝑛 − 1)2(𝑛𝑛 − 2)
𝑛𝑛3

 
M1 

   
=

4(𝑛𝑛 − 1)2

𝑛𝑛3
 

A1 
   Exactly 2 winners more likely if 

(𝑛𝑛 − 1)2(𝑛𝑛 − 2)
𝑛𝑛3

>
4(𝑛𝑛 − 1)2

𝑛𝑛3
 

M1 
   𝑛𝑛 − 2 > 4  
   So 𝑛𝑛 = 7 is the minimum A1 
    [5] 

 



This document was initially designed for print and as such does not reach 
accessibility standard WCAG 2.1 in a number of ways including missing text 
alternatives and missing document structure. 

If you need this document in a different format please email 
STEPMaths@ocr.org.uk telling us your name, email address and 
requirements and we will respond within 15 working days. 

Cambridge University Press & Assessment  
The Triangle Building 
Shaftesbury Road 
Cambridge 
CB2 8EA 
United Kingdom

Cambridge University Press & Assessment unlocks the potential
of millions of people worldwide. Our qualifications, assessments, 
academic publications and original research spread knowledge, 
spark enquiry and aid understanding.

mailto:STEPMaths@ocr.org.uk

	STEP 2 2024 Examiners' Report and Mark Scheme
	STEP 2 2024 Examiners' Report and Mark Scheme
	STEP 2 2024 Examiners' Report and Mark Scheme
	Pages from STEP 2 2023 Examiners' Report and Mark Scheme
	STEP 2 2024 Examiner's report v2.0



	STEP 2 2024 Final MS v2.0



